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Abstract 

We investigate a noncompact Gepner model, which is composed of a number of SL(2, R)/U(l) 
Kazama-Suzuki models and JV = 2 minimal models. The SL(2,R)/U(1) Kazama-Suzuki model con- 
[~^. ' tains the discrete series among the SL(2,R) unitary representations as well as the continuous series. We 

claim that the discrete series contain the vanishing cohomology and the vanishing cycles of the associated 
noncompact Calabi-Yau manifold. We calculate the Elliptic genus and the open string Witten indices. 
In the Ajv-i ALE models, they actually agree with the vanishing cohomology and the intersection form 
of the vanishing cycles. 
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1 Introduction 

Recently, the worldsheet CFT of a noncompact singular Calabi-Yau manifold has been largely 
investigated in the context of the holographic description of the little string theories |lJ-Q]. 
The modular invariant partition functions have been constructed |Q-|8|, and D-branes on a 
noncompact singular Calabi-Yau manifold have been studied by using the CFT descriptions 

|,£o|. 



However, the modular invariant partition function constructed in [f§-|| includes only "the 
principal continuous series" of the SL(2,1R) unitary representations. If we naively treat this 
partition function ||[|, the elliptic genus in the closed string theory and the open string Witten 
indices vanish, and we cannot obtain the vanishing cohomology of the noncompact Calabi-Yau 
manifold, nor the intersection form of the vanishing cycles of the manifold. [] Then, where are 
these compact cohomology and vanishing cycles in the CFT description ? 

Besides the principal continuous series, we can include the highest and lowest weight discrete 

scries Q. We claim that we should include this discrete series to obtain the right Calabi-Yau 

1 In |ic| |, reasonable nonzero open string Witten indices are obtained by treating the Liouville potential appro- 
priately and using the Ramond ground states of discrete series 



sigma model; the vanishing cohomology and boundary states of the vanishing cycles belong to 
this sector. 

The wave functions of most of the states in the discrete series (we use only these states) are 
L 2 normalizable in the SL(2, R) group manifold. Therefore, they are localized near the deformed 
singularity in the noncompact Calabi-Yau manifold, and they are "bound states" in this theory. 
It is also reasonable that the compact cohomology belongs to this class of states. 

It is difficult, however, to construct a modular invariant partition function of the SL(2,R) 



discrete series JTj. We use, in this paper, the one proposed in |i3|-[lq|. It includes the new 
sectors obtained by "spectral flow" transformation — a series of automorphisms of the affine 
SL(2,R). 

We construct modular invariant partition functions of rather general "noncompact Gepner 
models" , which consist of a number of SL(2, R) /U(l) Kazama-Suzuki models with integral levels 
and N = 2 minimal models. We also calculate the elliptic genera in these models in order to 
study the topological properties and compare with the geometric ones. We also construct the 
boundary states and calculate the open string Witten indices between them in order to compare 
with the geometrical cycles and the intersection form. We obtain nonzero closed and open string 
Witten indices independent of the moduli parameter of the torus or annulus. 

As an example, we consider the A-n-i ALE model; this model consists of an level N 
SL(2,R)/U(1) Kazama-Suzuki model and an level (N — 2) J\f = 2 minimal model fll6fl . As 
a result, we obtain the closed string Witten index as {N — 1). This corresponds to the (N — 1) 
dimensional (2,2) compact cohomology of the A^v-i ALE space. We also obtain the open string 
Witten indices. They agree with the intersection form of vanishing cycles in the A^-i ALE 
space. This intersection form also coincides with the one proposed in 17]. 

2 SL(2,R)/U(1) Kazama-Suzuki model 

In this section, we construct the characters of the SL(2,R)/U(1) Kazama-Suzuki model by 
summing up the new sectors [13-^]. This character is used to construct "noncompact Gepner 
models" in the next section. 

In this paper, we use the convention in appendix A of ||. 

2.1 Currents of SL(2, R)/U(l) Kazama-Suzuki model 

Let us first introduce the super symmetric level k SL(2, R) WZW model; this consists of a set 
of level k = k + 2 bosonic SL(2,R) currents J 1 * 1 ' 3 and three free fermions These currents 

satisfy the following OPE relations 

„ „ -1 , 9 

ip {z)ip 6 (w) ~ , ip^(z)ip (w) 



z — w z — w 

?v \ £3 / s -k/2 f3 , . ±J ± (w) f+/ . - . , k -2J 3 (w) 
J 6 (z)J\w) ~ J%z)J ± (w) —, J + (z)J (w) ~ t T2 + 



(z — w) 2 ' ' ' ' z — w (z — w) 2 z — w 

We want to construct the SL(2,R)/U(1) Kazama-Suzuki model from these currents. The 
supersymmetric affine U(l) in the denominator is generated by the time-like boson J 3 = J 3 + 



2 



and the time-like fermion ip 3 . The M = 2 superconformal currents T(z), G^(z), j( R ) (z) 
of the Kazama-Suzuki model 18] can be written as 



T{Z) = 2l + J+J ~) + Ik ^ +d ^~ + ^~ d ^ + ) + ^ + ^~, | = \, 

G ± {z) = -^J± jt R \z) = - \j 3 = -\j 3 - A^- (2.1) 

Note that the ?/> 3 decouples in these formulas. Therefore, we have only to consider the decom- 
position 

(bosonic SL(27%) x (2 fermions ^) — ► (SL(2, R)/U(l) KS) x (U(l)_ fc J 3 ). 

If we denote the Verma module of SL(2,R)f, two fermions, and U(l) fc as He,Tt s , and TL m 
respectively, the Verma module of the SL(2,R)/U(1) Kazama-Suzuki model Ti m s is defined by 
the decomposition 



"is 

If we know the structures of TCi,TC s , and TC m , then we can determine the structure of TC m ■ 
The Verma modules of free fermions and U(l)_. are not difficult. We analyze them in subsection 
2.3. In the next subsection, we concentrate on the SL(2,R)f, especially, the character of the 



discrete series. 

2.2 SL(27m)£ discrete series 

Let us consider the lowest weight discrete representations of SL(2,R)r. Each of the Verma 
modules of L 2 normalizable lowest weight representations of SL(2, R)r, is labeled by a number 
I £ Z, 1 < £ < k — 1. The character of this Verma module is known to be (for example, 
see @) 



xj{T,z) := Tr 



] L ° 8Ey J o 



q-U^fy 30-1) 



-iO\{r, z) 

where q = exp(27rzr), y = exp(2-7riz). This character is divergent if we set z = because the 
representations of the zero modes are infinite dimensional. 

The modular transformation law of this character is not good. To make this good, let us 
introduce a series of automorphisms of the algebra, called "spectral flow" . 

p(v) _ f3 k c f±{v) _ T± „ c n, 

<V - Jn ~ 2°™'°' J n - J n±vi V £ £. 

These new generators J n ' w satisfy the same algebra as J n ' . 

The character of the new sector obtained by this spectral flow operation can be written as 



{v) fr, z) := Tr 



?3<"> 



(_l)^-^(«-i-M 2 y -^0-i-M 



-iOi(r,z) 



The notation j = 1/2 is often used in other papers. The Casimir eigenvalue of a representation can be written 
as - 1) by using this j. 
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Now, we sum up for v € 2Z in order to make a character with good modular properties 



— z#i(t, z) 

This character includes a negative level theta function. Therefore, this character diverges in the 
region Imr > 0. Here, we treat this character as a formal series. 

If we sum up for odd integer v, we obtain the same result as the case of the (k — £) highest 
weight representation for even v 

£ X?«(r, 2 ) = £ t «(v) = " 9 -^-f 

This is because the v = 1 spectral flow maps I lowest weight representation to (k — t) highest 
weight representation [15]. We have only to consider the lowest weight representations for this 
reason. 

Next, we define the following character xti and use this character in the rest of this paper 
fc(r,z) :=£rf"(-)+ £ xL W fo'> - 9 '-.-^^_) - 9 -('-).-*^') . (2 . 2) 

t)G2Z UG2Z+1 H > J 

Note that each coefficient of the power of q in this character is convergent even if we set z = , 
in contrast with x[ or X]„£2Z xt ■ But the sum is still divergent. 

2.3 The characters of SL(2, E) /U(l) 

The characters of the U(l)_fc generated by J 3 = J 3 + is expressed as 

TV [q L ^My J E] = e mi _ fc (r, z)/v(r), m € Z 2fe . (2.3) 

rim 

This formula includes a theta function of negative level and is divergent because the J 3 direction 
is time-like. We treat this character as a formal series as the same way as xi- 

There remaining is the characters of two fermions (SO(2) 1 ). This character can be written 

as 



H 



Ti[q L °-^y J o F) } = 2 ( T) z)Mr), a G Z 4 , (2.4) 



where Jq is the zero mode of the fermion number current j( F ) = 



Collecting the characters (|2.2[) , (|2.3|) , , and looking at the forms of the currents (|2.1| ) , 

obtain the 
decomposition 



we obtain the characters of SL(2,R)/U(1) KS model Xm '■= Tr^, s [q L ° 24y J o '] through the 



^ \ T, ~lt Zl + Z2 ) &s ' 2 \'~\ Zl + Z2 ) = ^ *™ ( T ' Zl ) 0m - fc ( T ' Z2 ) • ( 2 - 5 ) 

In this formula, xt is a divergent series, however, mj _£; (r, 22) is also divergent. Therefore, the 
character Xmij, z) is possibly convergent. 
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Let us write the explicit form of Xmiji For this purpose, we define the "string function" 
cl, of SL(2, R) as 



Xl 



(t,z)= zL>(T)e m , dr, 



m ' ez fc 



Using this string function, we express the character of SL(2,R)/U(1) Kazama-Suzuki model as 

^m-s+4r( r )0_2m-fc(s+4r),2fcA:( r ' 



Xm(r, z) 



Note that if all the string functions c^_ s+4r ,(r) are convergent, then Xm(r, /;)'s are convergent. 
The explicit form of c l m , (r) can be obtained by using the results of |jl9[ . If £ + m' is an odd 
integer, then cL, =0. If £ + m! is an even integer, then 



r&L u=0 



This function is shown to be actually convergent in [[TJj]. Consequently, we conclude that the 
character Xrn( T i z ) is convergent. 

Let us consider the modular transformation properties of these characters in order to con- 
struct modular invariant partition functions. The modular transformation law can be read from 
(12.51) as follows. 



xi s (r + l,z) = e 



£{£-2) s 2 m 2 k 
Ak + ¥ + 4A 7 ~ 8k 



&(-1/t,z/t) 



2k~ 



£(-« 



sm7r- 



Xrn ( r i z \ 

{£- !){£> -1) 
k 



8k 



ss' mm' 



2k 



X m , [T,Z). 



Note that from ( p.5[ ), we can read off the charge of the states in H„ to be —s/2 — m/k 
mod 2. This relation is used to perform the GSO projection. 

Also, it is convenient to define a "index" /^(r, z) := Xm{r,z) — XrrT l {T,z) in order to 
construct the elliptic genera and Witten indices. This /£, has the following properties from 



(2.5). 



(2.6) 



/^(r, 0) actually has no r dependence because of worldsheet super symmetry; there are only 
contributions from Ramond ground states. 



3 Noncompact Gepner models 

In this section, we construct the "noncompact Gepner models" constructed by a number of 
integral level SL(2,R)/U(1) Kazama-Suzuki models and N = 2 minimal models (SU(2)/U(1) 
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Kazama-Suzuki models). The Gepner-like description of ALE [16], and Seiberg-Witten curve 
are included in this class of models. 

In this paper, we construct only the discrete part. However, there is also the continuous part 
for each SL(2,M)/U(1). 

3.1 The closed string theory 

Let us first consider the closed string theory and construct the toroidal partition function. The 
theory we consider here is 

f SL(2, R)^ SL(2, R) m SL(2, M)^ SU(2)^ SU(2) j y 2 SU(2)N r \ , 

V U(l) U(l) U(l) U(l) U(l) U(l) )' *' 

where K = lcm(Nj, ]Vj)|j = i ... f j=i,...,r- This orbifold projection is the one onto the integer 
charged states. This theory can be expressed as an J\f = 2 Landau-Ginzburg orbifold with a 
superpotential 

W = Yf ^ + Y 2 ~ ^ + • • • + Yf ^ + X? 1 + ■ ■ ■ + X?* , 

where Y\, . . . , Yf, X\, . . . , X r are chiral superfields. We construct the partition function of this 
theory by the beta-method (2(J and determine the combination of left mover and right mover. 
The central charge of this theory is expressed as 

N* + 2 A N j - 2 ^2 2 

^E^+E^-^+^-E-. 

3=1 J 3=1 J 3=1 J 3=1 J 

Since we expect that this theory is equivalent to a sigma model on a Calabi-Yau manifold, we 
consider the case that c/3 is an integer. We also concentrate to the case that f + r — c/3 is an 
even integer for a technical reason. 

A Verma module of this theory is a tensor product of ones of each sub-theory. The character 
of the Verma module f a (r) is a product of ones of each sub-theory 

Mr, z) := xk" 1 (T, z)... x|f (r, z) X ^ (r, z) . . . X ^(r, z), 

where Xm is an AA = 2 minimal model character ]2(| , and the label a is defined as 

1= (£i, . . . ■ ■ ■ ,4), rh= ■ • • ,m?;mi, . . . ,m r ), s = (si, . . . , s?; s x , . . . , s r ), 

a = {£, fh, s), 

and each (£j,rhj,Sj) is a label of a Verma module of SL(2, ]R)^/U(1), and each (£j,rrij,Sj) is 
that of SU(2)Ar/U(l). We define, for the sake of convenience, the inner products between two 
m's, and between two s's as follows. 



m»m := — > ^ + > — — — , s • s := — > — — > — 

3 J 3 3 3 



Also, we introduce a special vector (3 = (2, . . . , 2; 2, . . . , 2) which is the same type of fh. Using 
this vector, we can write the charge integrality condition as /3 • fh £ 7L. 
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Next, we need the modular transformation laws of / a to construct the modular invariant 
partition function and determine the combination of left mover and right mover. These modular 
properties can be written as 



/ a (r + M) = e 



/ a (-l/r,z/r) = e 



- . -+> -=^-=* (s • s + m»m) H 

3 J 3 J 



/a(r, 0), 



c z 
6~ 



J =1 



(3.1) 



where A^''s are SU(2) S matrices. 

With these notations, we can write the modular invariant partition function of NS sector as 



K-X 



Z(T,f) 



k = £,m,s,s 



(£,m+fe/3,s) 1 



We can check that this partition function is actually invariant under the transformation (3.1). 

Now, let us construct the elliptic genus in order to investigate the topological feature of 
this model. The elliptic genus I(r,f,z) := TTj^i[(—l) F q Lo ~ c ^ 24: q Lo ~ c / 24: y Jo ] becomes a sum of 
products 



Irh( T i z ) = Kn-i ( T ' 2 ) • • • Ifrif ( T ' z )^mi ( T i z ) • • • ^m r ( T i z )i 



K-l 



where = Xm — Xm 1 and is defined in section |2.3| . We can check that this elliptic genus 
has the right modular properties |2l|| . 

The Witten index is obtained as I(t, r, 0). This is actually independent of r from the relation 



(3.2) 



3.2 D-branes 

In this subsection, we consider the boundary states, the annulus amplitude and the open string 
Witten indices in the model defined in the previous subsection. We use almost the same method 
as p2]| , and we only show the results here. 

There are two types of gluing conditions of the N = 2 superconformal algebra: the A-type 



and the B-type [23]. In both cases, the boundary conditions (boundary states) are labeled by 
a = (L, M, S) which is the same label as a. 
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In the case of the A-type gluing condition, the open string partition function becomes 



Z K := Tr Uo-c/24 
aa,A,NS L 



c-mod 2Nh 



, NS K-l I f 

a' b=0 \J=1 J J j J \j=l 



11 lyly -A/,+M,-+m'+2b 



where, iVr f 's are SU(2) fusion coefficients. 

The A-type open string Witten index becomes 



•= Tr 

aa act A-R 



K-l 

^L Q -c/2Ar_^F = /^(S-S) \ ^ I TT , W - \/, + 2/,-2 



E IK'""" 

=0 \ 3 



IK 



(3.3) 



where S = ^=1 Sj + £} =1 Sj, S = ^3=1 $3 + £j=i % ■ 

On the other hand, in the B-type case, open string partition function becomes 



NS 



7 B 



Tr 

c«5,B,NS 



Lo-c/24 



M 1IV H llv 



LjLj j -M+M+K0*m Ja '^ ' 



where, M = Kj3 • M, M = Kf3 • M . The open string Witten index is written as 



I a ~ ■= Tr 

aa aaB,R 



Xo-c/24/ 



m' \j=l 



m--l 



m 'i~ l I imod K 



-M+M+Kf3m(m' +1/2/3) ' 

(3.4) 



In both types of gluing conditions, the open string Witten indices are actually independent 



of r. 



3.3 An Example — ALE space — 

In this subsection, we consider the properties of the Ajv-i ALE model in detail; this model is 
composed of an SL(2,M)jv/U(1) Kazama-Suzuki model and an = 2 level (N — 2) minimal 
model Ji~6| ]. 

The elliptic genus of the Ajv-i ALE model is obtained as the special case of ( |3.2[ ). In partic- 
ular, the closed string Witten index becomes I(r, f , z = 0) = N — 1 . This exactly correspond 
to the (N — 1) dimensional (2,2) compact cohomology elements of the Ajy_i ALE space. Other 
compact cohomology elements of the Ajv-i ALE space are known to be dimensional. 

Associated open string Witten indices are also obtained as the special case of ( |3.3| ) and (|3.4j). 
In this special case, the A-type open string Witten indices are the same as the B-type ones and 
the result is 

2N-1 _ 

Ia& = (_l)(S-S)/2 y N M-M+m N ra _ ,3^ 

^— ' Li-2,Li-2 
m=0 
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a 







9 -b 



-a 



Figure 1: The image of the cycle associated with a boundary state of L X ,L X ,M = —1,S = with 
L x +L x G 2Z. The total space is the x-plane when we express the ALE space as x N + y 2 + z 2 = \i 
m C 3 . the dots are the root of the equation x N = fi. A line between two dots is a 2-cycle 
£_„,„, v = b, b + 1, . . . ,a, a = {L x + L x - l)/2, b = \L X - L x - 2|/2 + 1/2. The sum of these 
cycles corresponds to the boundary state mentioned above. 



This fact the A-type open string Witten indices coincides with the B-type ones is consistent to 
the fact that the Ajv-i ALE space is self mirror. 

If we set L x = L x = 2 in ( |3.5|) , this gives the same result as ]l7| and it is the correct 
intersection form of the vanishing 2-cycles of the Ajv-i ALE space. In particular, this intersection 
form becomes the Ajy-i extended Cartan matrix when we set S = S = L x = L x = 0. 

In the general values of L\ and L x , the associated cycles in the ALE space is as follows. 
Let us denote the 2-cycles in ALE space as C„, v G 1>, C u+ n = C u , C u = 0. Here, we 

set the intersection form as {C V ,C V >) = 2<5™, d N - <5™, d + ^ - 5™?J[- We also define C U1V2 := 
C Ul + C Ul+ i + • • • + C U2 -\ for the sake of convenience. For the boundary states with L\ < 
(N + 2)/2, Li < (N - 2)/2, L x + L 2 G 2Z, M = S = 0, we can write the associated cycle as 

7(2,]., L u M =0,5=0) = C-a+l,a + C_ a +2.a-l H h C-6,6+1, 

where, a = -(Xi + Li), 6 = - L x - 2|. 

On the other hand, for the boundary states with L x < (N + 2)/2, L x < (N - 2)/2, L x + L 2 G 
2Z + 1, M = — 1, 5 = 0, we can write the associated cycle as 

7(L 1 ,L 1 ,M=-l,S=0) = C-a,a + C-a+l.a-1 H I" 6,6 

where, a = -(Xi + L x - 1), 6 = — |ii - Li - 2| + -. 

Actually, the open string Witten indices ( |3.5[) and the intersection number between these cycles 
are the same. The image of this cycle is shown in Fig.||. The cycles for general values of M are 
obtained by shifting by the Zn symmetry. 

4 Conclusion 

In this paper, we investigate the discrete series of the noncompact Gepner model. We claim that 
the compact cohomology and the compact cycles belong to this sector. We check it in the case 
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of the Ajv-i ALE model. We treat only the A- type ALE in this paper, but D-type and E-type 
ALE can be also treated as the same way and the results will be the same as 

Other interesting noncompact models are ADE type Calabi-Yau 3-fold and 4-fold singulari- 
ties. In these cases, the level of the SL(2,R)/U(1) becomes fractional and this model does not 
belong to the models treated in this paper. We should consider some multiple covering of the 
SL(2, R) group manifold and a fractional i in order to treat the discrete series of the fractional 
level SL(2,R)/U(1) Kazama-Suzuki models. We postpone this in a future work. 

The relation between the continuous series and discrete series is also interesting. At the level 
of the modular invariance, these two are independent of each other. However, in the OPE level, 
they are interacting. 

Acknowledgement 

The author would like to thank Tsuneo Uematsu and Katsuyuki Sugiyama for useful discussions 
and encouragement. I am also grateful to Michihiro Naka, Masatoshi Nozaki, Yuji Satoh, Yuji 
Sugawara, Toshiaki Tanaka, Kentaroh Yoshida for useful discussions and comments. I would 
also like to thank the organizers (T. Eguchi et al) of the Summer Institute 2000 at Yamanashi, 
Japan, 7-21 August, 2000, where a part of this work is done. 

This work is supported in part by the JSPS Research Fellowships for Young Scientists. 

References 



[i] 

[2] 
[3] 
[4] 
[5] 
[6] 
[7] 
[8] 

[9 
[10 

[11 
[12 

[13 

[14 



A. Giveon, D. Kutasov and O. Pelc, JEEP 9910 (1999) 035, |hep-th/9907178 l. 
A. Giveon and D. Kutasov, JEEP 9910 (1999) 034, |hep-th/9909110([ . 



A. Giveon and D. Kutasov, JEEP 0001 (2000) 023, ftiep-th/9911039|| . 

T. Eguchi and Y. Sugawara, Nucl. Phys. B577 (2000) 3, [|hep-th/0002100|1 . 

S. Mizoguchi, JEEP 0004 (2000) 014, jhep-th/0003053 1. 



S. Yamaguchi, Nucl. Phys. B594 (2001) 190, |hep-th/0007069 l 



S. Mizoguchi, hep-th/0009240 



M. Naka and M. Nozaki, hep-th/00 10002 



K. Sugiyama and S. Yamaguchi, JEEP 0002 (2001) 015, [hep-th/0011091 



T. Eguchi and Y. Sugawara, [hep-th/0011148 . 

L. J. Dixon, M. E. Peskin and J. Lykken, Nucl. Phys. B325 (1989) 329. 



A. Kato and Y. Satoh, Phys. Lett. B486 (2000) 306, Jhep-th/0001063 ]. 

M. Henningson, S. Hwang, P. Roberts and B. Sundborg, Phys. Lett. B267 (1991) 350. 



S. Hwang and P. Roberts, hep-th/9211075 



10 



[15] 
[16] 
[17] 
[18] 
[19] 
[20] 
[21] 
[22] 

[23] 
[24] 



J. Maldacena and H. Ooguri, [hep-th/0001053 



H. Ooguri and C. Vafa, Nucl. Phys. B463 (1996) 55, fhep-th/9511i64 |. 
W. Lerche, [hep-th/0006100| . 

Y. Kazama and H. Suzuki, Nucl. Phys. B321 (1989) 232. 
K. Sfetsos, Phys. Lett. B271 (1991) 301. 
D. Gepner, Nucl. Phys. B296 (1988) 757. 

T. Kawai, Y. Yamada and S.-K. Yang, Nucl. Phys. B414 (1994) 191, flhep-th/9306096| | . 



I. Brunner, M. R. Douglas, A. Lawrence and C. Rdmelsberger, JEEP 0008 (2000) 015, 
|hep-th/9906200 ]. 



H. Ooguri, Y. Oz and Z. Yin, Nucl. Phys. B477 (1996) 407, [hep-th/9606112 



W. Lerche, A. Liitken and C. Schweigert, |hep-th/0006247 . 



11 



